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We propose topological semimetals generated by the square-root operation for tight-binding models in two
and three dimensions, which we call square-root topological semimetals. The square-root topological semimet-
als host topological band touching at finite energies, whose topological protection is inherited from the squared
Hamiltonian. Such a topological character is also reflected to emergence of boundary modes with finite energies.
Specifically, focusing on topological properties of squared Hamiltonian in class AIII, we reveal that a decorated
honeycomb (decorated diamond) model hosts finite-energy Dirac cones (nodal lines). We also propose a real-
ization of a square-root topological semimetal in a spring-mass model, where robustness of finite-energy Dirac
points against the change of tension is elucidated.
I. INTRODUCTION
In a past decade, novel classes of topological phases have
been extensively explored [1]. Focusing on non-interacting
fermions, there are two kinds of topological phases according
to the bulk spectrum. One is a gapped topological phase where
bulk has an energy gap and nontrivial topological numbers are
defined for Bloch or Bogoliubov bands. Examples include
topological insulators (TIs) [2–7] and topological supercon-
ductors (TSCs) [8–13]. In TIs and TSCs, the nontrivial topol-
ogy is known to result in robust boundary modes; this relation
is called bulk-boundary correspondence [14, 15]. The other
kind of topological phase is a gapless topological phase, also
termed a topological semimetal (TSM), [16–20] where bulk
bands theirselves have gapless points or nodes, protected by
nontrivial topology. Topologically-protected boundary modes
appear in TSMs as well. For instance, flat edge modes pro-
tected by the winding number appear in graphene nano-ribbon
with the zigzag edge [21–23] and the dx2−y2 superconduc-
tor [24, 25].
Recently, an interesting proposal to obtain a class of TIs
was made by Arkinstall, et al., that is, to take square-root
of topological tight-binding Hamiltonians [26]. TIs thus ob-
tained are called square-root TIs. The square-root operation
for tight-binding models is carried out by adding the “medi-
ating sites” between sites of original lattice having non-zero
particle transfer, and letting the nearest-neighbor (NN) trans-
fer between the original sites and mediating sites; this im-
plies that the model is naturally chiral symmetric as the bi-
partition of the entire lattice to the original sites and the me-
diating sites is possible. The square of the model is equal
to the direct sum of the original model and another model
defined on mediating sites (up to the constant shift). When
topological models are set as an original Hamiltonian, its
square-root inherits the topological nature of it. So far, tight-
binding models of TIs [26, 27], higher-order TIs [28], and
non-Hermitian TIs [29] created by the square-root operation
were proposed. Their experimental realization was also ac-
tively pursued in various artificial materials, such as photonic
crystals [26, 27], electric circuits [30], and phononic crys-
tals [31]. Interestingly, in square-root TIs preserving the chiral
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symmetry, topologically-protected boundary modes appear at
positive and negative energies in a pairwise manner, which
reflects the square-root nature of the model. Along with the
above significant progress in insulators and superconductors,
to our best knowledge, square-root topology of semimetals
has not been explored yet.
Therefore, in this paper, we propose that TSMs can also
be generated by the square-root operation. We term such
TSMs square-root TSMs (SR-TSMs). SR-TSMs have topo-
logical band touching at finite energies and the topologically-
protected nature of them can be elucidated by considering a
squared Hamiltonian.
As concrete examples, we study a series of d-dimensional
decorated diamond model, i.e., a decorated honeycomb model
in two dimensions and a decorated diamond model in three
dimensions. Their mediating sites correspond to the line
graphs [32, 33], i.e., the d-dimensional pyrochlore lattice [34].
The models are a suitable platform for the SR-TSMs since the
squared Hamiltonian is composed of d-dimensional diamond
and pyrochlore lattices, both of which are well-known exam-
ples of the TSM in class AIII. Specifically, the Dirac points
arise in two dimensions (i.e., the hoeycomb and kagome lat-
tices), and the nodal line SM is realized in three dimensions
(i.e., the diamond and pyrochlre lattices). We show that
the d-dimensional decorated diamond model indeed hosts the
nodal points or lines at finite energies, inherited from the d-
dimensional diamond and pyrochlore models. Furthermore,
the decorated models also succeed to the characteristic bound-
ary modes in the d-dimensional diamond model, i.e., the flat
edge modes in the two-dimensional case and the flat surface
state in the three-dimensional case. They appear at finite en-
ergies, and are topologically protected by the winding number
defined for the d-dimensional diamond-lattice sector squared
Hamiltonian.
We further propose that the SR-TSM is feasible in a spring-
mass model [35–47], a periodic array of mass points con-
nected by springs. Focusing on the two-dimensional case, i.e.,
the decorated honeycomb spring-mass model, we reveal that
the finite-energy band touching points are robust against the
change of tension parameter, i.e., the introduction of the inter-
mode coupling between longitudinal and transverse modes,
which manifests their topologically-protected nature by the
winding number.
The rest of this paper is structured as follows. We first argue
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2a generic recipe for constructing SR-TSMs of class AIII in
Sec. II. Then, in the following two sections, we reveal how this
construction works through the concrete examples. In Sec. III,
we study the decorated honeycomb model as an example of
SR Dirac semimetals in two dimensions. In Sec. IV, we study
the decorated diamond model, as an example of SR nodal line
semimetals in three dimensions. Section V is devoted to the
spring-mass-model realization of the SR-TSM. In Sec. VI, we
summarize this paper.
II. GENERIC CONSTRUCTION OF SQUARE-ROOT
TOPOLOGICAL SEMIMETALS
In this section, we describe a generic recipe of constructing
SR-TSMs, focusing on those in class AIII. Consider a bipar-
tite lattice with even number of sublattices and its line graph
whose sites are placed on edges of the NN bonds of the origi-
nal lattice. Then, let us consider the Hamiltonian with the NN
hoppings on a composite lattice of the original lattice and its
line graph:
H =
∑
k
c†kHkck, (1)
where ck = (ck,1, · · · ck,N , ck,N+1, · · · , ck,N+M )T. Here,
N and M are the numbers of the sublattices for the original
lattice and the line graph, respectively, and the sublattices of
the composite lattice are labeled such that the sublattices 1-
N belong to the original lattice whereas the sublattice (N +
1)-(N + M) to the line graph. As the NN hoppings on the
composite lattice occurs only between the original lattice and
the line graph, the Hamiltonian matrixHk can be written in a
form:
Hk =
(
ON,N tΨ†k
tΨk OM,M
)
. (2)
Here, t is the transfer integral, Ψk is the M ×N matrix which
reflects the connectivity between the original lattice and the
line graph, and On,m stands for the n×m zero matrix.
From (2), we see that the model preserves the chiral sym-
metry, namely,Hk anti-commutes a matrix Γ:
Γ =
(
IN ON,M
OM,N −IM
)
, (3)
where In is the n× n identity matrix. Due to this chiral sym-
metry, the square of Hk is block-diagonalized, since (Hk)
2
commutes Γ. Specifically, we have
(Hk)
2
=
(
t2Ψ†kΨk ON,M
OM,N t2ΨkΨ†k
)
. (4)
Notably, t2Ψ†kΨk corresponds to the Hamiltonian on the orig-
inal lattice with the on-site potentialMt2 and the NN hopping
t2, whereas t2ΨkΨ
†
k to that on the line graph with the on-site
potential Nt2 and the NN hopping t2 [34]. The eigenenergies
of these two matrices are identical except for the zero-energy
flat band in that for the line graph. In addition, we can de-
fine the topological winding number for the squared Hamilto-
nian in the original lattice subspace. To be specific, as N is
even, we can find a N × N matrix Σ which anti-commutes
h˜k := t
2Ψ†kΨk−Mt2IN . Then, the following winding num-
ber can be defined [22, 23]:
ν(k1, · · · , kj−1, kj+1, · · · ) =
∫ 1
0
dkj
4pii
Tr
[
Σ∂kj
(
log h˜k
)]
,
(5)
where kj ∈ [0, 1] is defined such that k =
∑d
j=1 kjbj with
d being the spatial dimension and bj being the j-th reciprocal
lattice vector.
The dispersion relation of the Hamiltonian of the composite
lattice is given by the square of that for (Hk)
2, with the signs
+ and −. This means that, if the NN hopping model on the
original lattice has band touching at zero energy, the Hamil-
tonianHk has the band touchings as well, and their energies
are±√M |t|, i.e., the TSM is realized in the composite-lattice
model. However, we cannot define the topological winding
number protecting the band touchings from the composite-
lattice model itself, as they are at finite energies. Instead, they
are protected by the winding number for the squared Hamilto-
nian defined in Eq. (5). We thus call this TSM the SR-TSM. In
addition, the topologically protected band touching also leads
to the finite-energy boundary modes, which is another charac-
teristics of the SR-TSM.
In the following two sections, we show the concrete mod-
els, namely, the decorated honeycomb model in two dimen-
sions and the decorated diamond model in three dimensions.
Additionally, we remark that the SR-TSM obtained in the
above procedures is stable against the on-site potential that
is proportional to Γ; see Appendix A for details.
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FIG. 1. (a) A decorated honeycomb lattice and (b) the band structure
with t = 1. The finite-energy Dirac points are denoted by green
circles.
3III. EXAMPLE 1: SQUARE-ROOT DIRAC SEMIMETAL IN
DECORATED HONEYCOMBMODEL
A. Model and bulk properties
We first study the decorate honeycomb model, which
is a composite lattice of honeycomb and kagome lattices
[Fig. 1(a)]. This model was studied in the literature [48–50],
and the aim of this paper is to present a renewed viewpoint of
the SR-TSM.
The lattice has five sublattices degrees of freedoms; two of
them come from the honeycomb lattice and the rest from the
kagome lattice. Then, Ψk of Eq. (2) is a 3× 2 matrix given as
Ψk =
 1 1eik·a1 1
eik·a2 1
 . (6)
Note that the two lattice vectors in Eq. (6) are a1 =
(
1
2 ,
√
3
2
)
and a2 =
(
− 12 ,
√
3
2
)
; the corresponding reciprocal lattice
vectors are b1 =
(
2pi, 2pi√
3
)
and b2 =
(
−2pi, 2pi√
3
)
.
As explained in Sec. II, the square of Hk is block-
diagonalized as
H 2k =
(
H
(H)
k O2,3
O3,2 H (K)k
)
, (7)
whereH (H)k andH
(K)
k correspond to the honeycomb lattice
model with the NN hopping t2 and the on-site potential 3t2
and the kagome lattice model with the NN hopping t2 and the
on-site potential 2t2, respectively. For later use, we define
q
(H)
k = 1 + e
ik·a1 + eik·a2 , (8)
which is the (2, 1) component ofH (H)k .
The band structure for this model is shown in Fig 1(b). We
find Dirac cones at K and K′ points (the latter is not shown
in the figure), whose energies are ε = ±√3|t|. These Dirac
cones are inherited from those of the honeycomb and kagome
models.
B. Edge modes and topological protection
Figure 2(a) shows the dispersion relation for the cylinder,
obtained by assigning the open boundary condition in the di-
rection of a1. The edge shape is chosen to be the zigzag
edge. In the momentum space, k2 defined in Sec. II remains
to be a good quantum number. We see flat edge modes at
ε = ±√3|t|, connecting the Dirac points in the bulk; this
is reminiscent of the edge modes of the conventional honey-
comb model under the zigzag edge, besides the fact that their
energies are finite rather than zero.
The finite-energy flat edge modes are topologically pro-
tected by the winding number for the honeycomb sector of the
squared Hamiltonian, as we discussed in Sec. II. Specifically,
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FIG. 2. (a) The dispersions for the system with the zigzag edge. The
cyan lines represent the flat edge modes. (b) The winding number
defined for q(H)k in Eq. (9). We set t = 1.
we can define the following winding number as a function of
k2:
ν(k2) =
1
2pii
∫ 1
0
dk1
∂k1q
(H)
k
q
(H)
k
. (9)
Note that the definition of Eq. (9) coincides with that of Eq. (5)
when setting Σ = diag(1,−1). This winding number is ex-
actly identical to that for the honeycomb model, but we per-
form the integration in (9) for completeness. Changing the
variable as z = e2piik1 , we have
ν(k2) =
1
2pii
∮
C
dz
1
z + 1 + e2piik2
, (10)
where C is a unit circle in the complex plane. Using Cauchy’s
residue theorem, we find that ν(k2) is 0 (1) if |1+e2piik2 | > 1 (
|1+e2piik2 | < 1). At the critical point, where |1+e2piik2 | = 1,
(i.e., k2 = 13 ,
2
3 ) the band gap closes at certain k1, which is
nothing but K and K′ points [51]. In fact, this also manifests
the topological stability of the Dirac points in a bulk, because
the winding number defined by the contour integral around the
Dirac point takes non-trivial value [22, 23, 52]. The bulk-edge
correspondence tells us that the number of zero-energy bound-
ary mode forH (H)k − 3t2 (per edge) is equal to ν(k2) at each
k2. Then, by taking into account the constant shift of 3t2, we
find that the edge modes with energies±√3|t| arise in the dec-
orated honeycomb model. In Fig. 2(b), we plot ν(k2), which
clearly coincides with the above argument, in that ν(k2) is
one where the edge modes exist, while it is zero otherwise.
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FIG. 3. (a) A decorated diamond lattice and (b) the band structure
with t = 1. The finite-energy nodal lines are denoted by green el-
lipses.
From this result, we conclude that the SR Dirac semimetal is
realized in the decorated honeycomb model.
Here we note a yet another way of characterizing the bulk
Dirac points and the edge modes, i.e., using the Berry’s
phase [53, 54]. In fact, such a characterization is applied to
the honeycomb model [53], namely, the Berry’s phase is quan-
tized in Z2 and it takes pi (0) where the edge modes do (do
not) exist. Considering the fact that the squared Hamiltonian
is identical to that of the honeycomb model, we can find in the
decorated honeycomb model that the Berry’s phase defined
for the subspace of the honeycomb lattices is indeed quan-
tized in Z2 and it also gives the topological characterization
of the edge modes.
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FIG. 4. (a) The dispersions of the decorated diamond model with a
slab geometry. The cyan lines represent the flat surface modes. (b)
The map of the winding number defined for q(D)k in Eq. (14). We set
t = 1.
IV. EXAMPLE 2: SQUARE-ROOT NODAL-LINE
SEMIMETAL IN DECORATED DIAMONDMODEL
A. Model and bulk properties
Next, we consider the decorated diamond model [Fig. 3(a)],
which is a composite lattice of the diamond and the pyrochlore
lattices, as an example of the SR nodal-line semimetal. In this
model, the number of sublattices is six; two of them come
from the diamond lattice and the rest four from the pyrochlore
lattice. Hence, Ψk, introduced in Sec. II, becomes 4×2 matrix
given as
Ψk =

1 1
eik·a1 1
eik·a2 1
eik·a3 1
 , (11)
where a1 =
(
0, 12 ,
1
2
)
, a2 =
(
1
2 , 0,
1
2
)
, a3 =
(
1
2 ,
1
2 , 0
)
are
lattice vectors; the corresponding reciprocal lattice vectors are
b1 = 2pi (−1, 1, 1), b2 = 2pi (1,−1, 1), b3 = 2pi (1, 1,−1).
The square ofHk is a direct sum of the diamond model and
the pyrochlore model:
H 2k =
(
H
(D)
k O2,4
O4,2 H (P)k
)
. (12)
The matrix H (D)k corresponds to the diamond lattice model
with the NN hopping t2 and the on-site potential 4t2; sim-
ilarly, H (P)k corresponds to the diamond lattice model with
the NN hopping t2 and the on-site potential 2t2. We again de-
fine the quantity corresponding to (2, 1) component ofH (D)k :
q
(D)
k = 1 +
3∑
j=1
eik·aj , (13)
which we will use in the next subsection.
In Fig. 3(b), we plot the bulk band structure. We see nodal
lines between X and W points, which are inherited from the
diamond and pyrochlore models.
B. Surface states and topological protection
Let us investigate the boundary modes of this model. Con-
sider a slab geometry whose surface is parallel to the plane
spanned by a1 and a2. In this case, k1 and k2 remain to be
good quantum number, while k3 is not. In Fig. 4(a), we plot
the band structure for the slab on the high-symmetry lines of
the surface Brillouin zone [green lines in Fig. 4(b)]. We see
that the flat surface states appear, whose energies are ±2|t|.
As discussed in Sec. II, the topological protection of the sur-
face state can be dictated by calculating the following winding
number as a function of k1 and k2:
ν(k1, k2) =
1
2pii
∫ 1
0
dk3
∂k3q
(D)
k
q
(D)
k
. (14)
5Performing the integration in the same manner as in Eqs. (9)
and (10), we find that ν(k1, k2) takes 0 (1) if |1 + ei2pik1 +
ei2pik2 | > 1 (|1 + ei2pik1 + ei2pik2 | < 1). For the critical case
where |1 + ei2pik1 + ei2pik2 | = 1, i.e., k1 = 12 , k2 = 12 , and
k1 − k2 = ± 12 , the band gap closes at some k3, which cor-
respond to the nodal lines. Similarly to the decorated honey-
comb lattice, this result indicates the topological protection of
the bulk nodal lines and the surface states. Namely, the finite
winding number indicates the existence of zero-energy sur-
face state forH (D)k − 4t2, hence the the surface states whose
energies are ±2|t| appear for the decorated diamond model.
Figure 4(b) shows the map of the winding number as a func-
tion of the surface wavevectors. Clearly, the above correspon-
dence between the surface states and the winding number can
be confirmed.
V. REALIZATION IN A SPRING-MASS MODEL
In this section, we argue the realization of the SR-TSM we
have discussed so far in a spring-mass model. We consider a
system of mass points and springs aligned on the decorated
honeycomb lattice [Fig. 5(a)]. Here the mass points on sublat-
tices 3, 4, and 5 are placed on dents of the floor which cause
the gravitational potential [39, 45, 47]. The Lagrangian of the
system is given as
L = T − Ug − Usp, (15)
with
T =
m
2
∑
R
(x˙R,µ)
2
, (16)
Ug =
∑
R
gR,µνxR,µxR,ν , (17)
and
Usp =
κ
2
∑
〈R,R′〉
(xR,µ − xR,µ)γR−R′,µν(xR′,ν − xR′,ν).
(18)
Here, we have assumed the summation over repeated indices
µ and ν (µ, ν = x, y), and the dot in Eq. (16) stands for the
time derivative. In Eq. (15), T is the kinetic energy, Ug is the
potential energy from the dents on the floor, and Usp is the
potential energy describing the restoring force of the springs.
The vectorR specifies the sites which forms a decorated hon-
eycomb lattice. The natural length of a spring is denoted by l0.
The ratio of between distance of neighboring sites (specified
by R and R′) and l0 is denoted by η = l0/|R −R′|, which
determines the tension of the spring. The distance between
neighboring sites is chosen as the unit of length. The vector
xR = (xR,x,xR,y) describes the displacement of the mass
point at the siteR.
As for the matrix gR in Eq. (17), we set
gR =

0 ifR ∈ 1, 2
κ
(
1− 12η
)
τ0 + κητz ifR ∈ 3
κ
(
1− 12η
)
τ0 − κη2
(√
3τx + τz
)
ifR ∈ 4
κ
(
1− 12η
)
τ0 − κη2
(−√3τx + τz) ifR ∈ 5
,
(19)
with τ0 being the 2 × 2 identity matrix and τ = (τx, τy, τz)
being Pauli matrices. Note that the potential is introduced so
that the eigenvalue problem is equivalent to that for the tight-
binding model in the strong tension limit, as we will show
later [39, 45, 47]. We also note that η has to be smaller than
2
3 so that the dents have an ellipsoidal surface (i.e., the all the
eigenvalues of gR are positive).
The matrix γ in (18) is a 2 × 2 matrix whose elements is
defined as
γδR,µν = (1− η)δµν + ηδ̂Rµδ̂Rν , (20)
with δ̂R = δR/|δR| and δR being the vector connecting the
neighboring sites, respectively.
The normal modes of the frequency ω is obtained as fol-
lows. Writing R = r¯ + rα with r¯ and rα are the position of
the unit cell and the position of the sublattice α of which R
belongs to, respectively, we apply the Fourier transformation:
xR,µ =
1
N
∑
k
uαk,µe
ik·r¯. (21)
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FIG. 5. (a) A schematic figure of the spring-mass decorated honey-
comb model. We have introduced potential force arising from the
dents of the floor so that the diagonal elements of Γ(k) become
[Γ(k)]ii = 3κ(1 − η/2) for i = 1, · · · , 10. Dispersion relations of
the spring-mass decorated honeycomb model for κ = m = 1 with
(b) η = 0 and (c) η = 0.25. Green circles denote the finite-energy
Dirac points.
6Then, from the Euler-Lagrange equation
d
dt
(
δL
δu˙α−k,µ
)
− δL
δuα−k,µ
= 0, (22)
we obtain the equation of motion in the momentum space:
u¨k = −Γ(k)uk, (23)
with uk =
(
u1k,x, u
1
k,y, · · · , u5k,x, u5k,y
)T
and
Γ(k) = 3
κ
m
(
1− η
2
)
I10
− κ
m

0 0 γ
(1,3)
k γ
(1,4)
k , γ
(1,5)
k
0 0 γ
(2,3)
k γ
(2,4)
k , γ
(2,5)
k
γ
(1,3),†
k γ
(2,3),†
k 0 0 0
γ
(1,4),†
k γ
(2,4),†
k 0 0 0
γ
(1,5),†
k γ
(2,5),†
k 0 0 0
 .
(24)
Here, γ(α,β)k are 2 × 2 matrices obtained by performing the
Fourier transformation of γ in Eq. (20). Their explicit forms
are given in Appendix B. The matrix Γ(k) is referred to as the
dynamical matrix in the literature. By further assuming the
relation uk(t) = eiωtφk, we have
ω2φk = Γ(k)φk. (25)
Solving the above eigenvalue equation, we have the dispersion
relation for the spring-mass system.
Figure 5(b) shows the dispersion relation for η = 0. In this
figure, we can see that the band structure of the tight-binding
model is reproduced up to the constant shift 3κ/mwhich does
not matter for the topological properties. We note that for η =
0 the transverse and longitudinal modes are decoupled and
each band is doubly degenerate. Namely, each of Dirac cones
for ω2 ∼ 4.7 and ω2 ∼ 1.2 at K point is doubly degenerate,
which is consistent with the fact that the winding number of
Γ(k)− 3 κmI2 is two.
For a finite value of η, the transverse and longitudinal
modes are coupled. Then, the doubly degenerate Dirac cone
with the winding number two is not gapped out but splits into
two Dirac cones each of which has the winding number one,
as shown in Fig. 5(c). More precisely, one of the Dirac cones
remains at K point, while the other is placed on the K-M line.
This behavior, which is reminiscent of the bilayer graphene
with AA stacking [55, 56], is also seen in the spring-mass
model on a conventional honeycomb lattice [37]. The result
manifests that the SR-TSM in the spring-mass decorated hon-
eycomb model is robust against inclusion of the inter-mode
coupling.
VI. SUMMARY
We have proposed the SR-TSM, where topologically-
protected point or line nodes are inherited from the squared
Hamiltonian. As concrete examples, we study the decorated
honeycomb model and the decorated diamond model, where
the SR Dirac semimetal and SR nodal-line semimetal are re-
alized, respectively. There, the Dirac cones and nodal lines
appear at finite energy, and they are protected by the wind-
ing number defined for the squared Hamiltonian. We can also
see the bulk-boundary correspondence between this winding
number and the finite-energy flat edge or surface modes.
We have further proposed that the SR-TSM can be real-
ized in a spring-mass model with the decorated honeycomb ar-
rangement. We have found that the finite-energy band touch-
ing points are robust against the change of the tension parame-
ter η, which indicates their topological protection by the wind-
ing number of the parental honeycomb model.
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Appendix A: Stability against on-site potential
We show that the SR-TSM is stable against the on-site po-
tential proportional to the chiral operator Γ of Eq. (3). Con-
sider the Hamiltonian
H ′k =
(
V IN Ψ
†
k
Ψk −V IM
)
, (A1)
where V is the strength of the on-site potential. Importantly,
the square ofH ′k is still block-diagonalized as
(H ′k)
2
=
(
V 2IN + Ψ
†
kΨk ON,M
OM,N V 2IM + ΨkΨ†k
)
. (A2)
This indicates that the on-site potential proportional to the chi-
ral operator causes a mere constant shift to the squared Hamil-
tonian. Consequently, the topological nature of the Hamilto-
nian without on-site potential is unchanged.
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FIG. 6. (a) The band structure for the decorated honeycomb model
with t = 1 and V = 0.5. The finite-energy Dirac points are denoted
by green circles. (b) The dispersions for the cylinder with the same
parameters. The cyan lines represent the flat edge modes.
7To confirm this, we calculate the band structures of bulk
and cylinder in the decorated honeycomb model with on-site
potential. The results are shown in Fig. 6, where we clearly
see that the finite-energy Dirac cones in bulk and the flat edge
modes in cylinder, indicating that the stability of the SR-TSM
against the on-site potential.
Appendix B: Details of the dynamical matrix
Here we list the forms of γ(α,α
′)
k in Eq. (24):
γ
(1,3)
k =
(
1− η 0
0 1
)
, (B1a)
γ
(1,4)
k = e
−ik·a1
(
1− η4
√
3η
4√
3η
4 1− 3η4
)
, (B1b)
γ
(1,5)
k = e
−ik·a2
(
1− η4 −
√
3η
4
−
√
3η
4 1− 3η4
)
, (B1c)
γ
(2,3)
k =
(
1− η 0
0 1
)
, (B1d)
γ
(2,4)
k =
(
1− η4
√
3η
4√
3η
4 1− 3η4
)
, (B1e)
and
γ
(2,5)
k =
(
1− η4 −
√
3η
4
−
√
3η
4 1− 3η4
)
. (B1f)
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